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KAHLER RICCI FLOW WITH VANISHED FUTAKI INVARIANT 
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Abstract. We study the convergence of the Kahler-Ricci flow on a compact 
Kahler manifold (M,J) with positive first Chern class c\(M;J) and vanished 
Futaki invariant on nci(M ; J). As the application we establish a criterion for the 
stability of the Kahler-Ricci flow (with perturbed complex structure) around a 
Kahler-Einstein metric with positive scalar curvature, under certain local stable 
condition on the dimension of holomorphic vector fields. In particular this gives a 
stability theorem for the existence of Kahler-Einstein metrics on a Kahler manifold 
with possibly nontrivial holomorphic vector fields. 



1. Introduction 

This is a continuation of [35] . We shall apply the results of [12] to study the 
convergence and stability of the Kahler-Ricci flow with positive first Chern class 
and vanished Futaki invariant. The convergence in this paper is always taken with 
respect to a fixed complex structure under the Kahler-Ricci flow. The results relate 
closely to Chen and Li's theorems in [8]. 

To start our argument, recall that for any compact Kahler manifold (M,g,J) 
with Ci(M; J) > 0, if its Kahler form lies in nci(M; J), then through the <9<9-lemma, 
there exists a unique Ricci potential u, a real-valued function, in the sense of 

(1) R fj + didju = g fj 
with the normalization 

(2) i / e~ u dv = 1 

v J M 

where V = j M dv denotes the volume of the manifold. 

Define the weighted Laplace operator L = —A + g Jjf VjwVj. It is a self-adjoint 
operator on the space L 2 (e~ u dv) whose smallest positive eigenvalue is > 1 (cf. [17] 
or [38]), with equality holds iff there exists a nontrivial holomorphic vector field. 
What we are interested in is the "second" eigenvalue of L. Namely, denote by X(g) 
the first positive eigenvalue of L if (M, J) has no nonzero holomorphic vector fields; 
otherwise, X(g) denotes the second positive eigenvalue of L. 

Let (M,go,J) be a compact Kahler manifold with c\{M;J) > 0. Suppose its 
Kahler form belongs to ttci(M) and the Futaki invariant vanishes on ttci(M; J). 



Key words and phrases. Kahler-Ricci flow, Futaki invariant, convergence, stability. 



Consider the Kahler-Ricci flow with initial metric g(0) = g^: 

d 

(3) ~04.9i] = + 9fji 



where Rq denotes the Ricci curvature of g. It is obvious that the Kahler class and 
the volume are preserved by the Kahler-Ricci flow. By Cao [3], the solution exists 
for all time t e [0,oo). In jl2], the author showed how to control the convergence 
of the Kahler-Ricci flow when \(g(t)) is uniformly lower bounded away from 1. In 
this paper, we aim to bound X(g(t)) from below in terms of the geometry of the 
initial metric g(0) and thus obtain a global convergence theorem of g(t). Our main 
theorem reads 

Theorem 1.1. Given positive constants 5, A and D, there exists e such that for 
any Kahler manifold (M,go, J) whose Kahler form lies in irci(M; J), if the Futaki 
invariant vanishes on nc\(M; J) and 

(4) bisc.(M,g ) > -A, diam(M, g ) < D, X(g ) > 1 + 5, \\Vu \\ c o < e, 

then the Kahler-Ricci flow starting from (go, J) will converge exponentially fast to a 
Kahler- Einstein metric (g^, J). 

Here, bisc.(M, g ) denotes the bisectional curvature of the Kahler manifold (M, g ), 
while Uq denotes the Kahler potential of (M, g ) determined by ([T]) and ([2]). 

Theorem 1.2. Given positive constants n,5,D and A, there exists e such that for 
any Kahler manifold (M,go, J) of dimension n whose Kahler class is nci(M; J), if 
the Futaki invariant vanishes on nci(M; J) and 



where Rm and s denote the Riemannian curvature tensor and scalar curvature re- 
spectively, then the Kahler-Ricci flow starting from (go, J) will converge exponentially 
fast to a Kahler-Einstein metric (goo, J)- 

An immediate consequence of above theorem is the following criterion theorem 
for the stability of the Kahler-Ricci flow around a Kahler-Einstein metric. Notice 
that for any metric g which is C 2 close to a Kahler-Einstein metric gKE, its geometry 
is uniformly bounded and its traceless Ricci curvature is sufficiently small. 

Theorem 1.3. Let (M, gxE, Jke) be a Kahler-Einstein manifold with positive scalar 
curvature. Then for any 5 > 0, there exists e > such that for any e-deformed 
Kahler manifold (M,g, J) in the sense that 

(6) \\g - 9KE\\c\g KE ) + \\J ~ JKE\\c 2 (g KE ) < e, \{g) > 1 + 6, 

if the Kahler form of g belongs to tic\ (M; J) and the Futaki invariant vanishes on 
7TCi(M; J), then the Kahler-Ricci flow starting from (g, J) will converge exponentially 
fast to a Kahler-Einstein metric (g^, J). 



(5) 
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Remark 1.4. If the perturbed complex structure J in the theorem is stable in the 
sense of Condition (B) in |24j or Definition 4.14 in [TJ, then the eigenvalue X(g) is 
uniformly lower bounded away from 1 when e is small enough. The Theorem 3 of 
[24] gives a proof of this fact when (g, J) is C°° close to (gKE, Jke)- When (g, J) is 
only C 2 close to (gxE, Jke), we can run the Ricci flow for a short time to get the 
required C°° approximation. Based on this discussion, we get another proof of the 
stability theorem, namely Theorem 1.6, of Chen and Li [8|; the Theorem 11.21 can 
also be viewed as a generalization of Theorem 1.10 of [8]. 

Remark 1.5. Donaldson [15] showed the existence of a Kahler-Einstein metric (gxE, Jke) 
on the Mukai-Umemura manifold; however, according to Tian's famous counterex- 
ample [35], the generic deformation of the Mukai-Umemura manifold, which has no 
nontrivial holomorphic vector fields, does not admit any Kahler-Einstein metric. In 
view of above theorem, it means that the first positive eigenvalue \(g) of (g,J), 
a small deformation of {gKE, Jke), is arbitrarily close to 1 and the gradient of its 
eigenf unctions give rise to the holomorphic vector fields of Jke up to taking limits. 

According to Tian and Donaldson's counterexample, the jumping phenomena of 
the dimension of holomorphic vector fields is essential for the stability of the exis- 
tence of Kahler-Einstein metrics on a nearby complex structure. In the following, we 
shall show that these two stability condition, namely the dimension of holomorphic 
vector fields and the existence of Kahler-Einstein metrics, are somehow equivalent, 
at least under the condition of vanished Futaki invariant. In other words, if the 
dimension of holomorphic vector fields is "stable", then the existence of Kahler- 
Einstein metrics should also be "stable" . 

To make the notion clear, we introduce the following definition. Denote by h°(J) 
the space of holomorphic vector fields with respect to the complex structure J. 

Definition 1.6. A complex structure J on a complex manifold M is called "relative 
stable", if dim/i , defined on the space of complex structures on M, is a local 
minimizer at J. 

In particular, J will always be "relative stable" if (M, J) has no nontrivial holo- 
morphic vector fields. Moreover, because dim/i° is lower semi-continuous on the 
space of complex structures, the condition "relative stable" is an open condition 
and J being "relative stable" implies that dim/i° is actually constant on a small 
neighborhood of J. 

Example 1.7. As showed in Lemma 1.2 of [33], any complex surfaces of the form 
CP 2 $nCP 2 (5 < n < 8) with positive first Chern class has no nontrivial holomorphic 
vector field and hence is "relative stable" . 

Let (M,g, J) be a Kahler manifold with ci(M; J) > 0. It is an easy check that 
if the complex structure J is "relative stable", then for any small deformation, say 
(g , J ), of (g, J) in the C 2 topoloty, the eigenvalue \(g ) admits a uniform lower 
bound away from 1. Hence we can prove the following theorem. 
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Theorem 1.8. Let (M, gKE, Jke) be a Kahler-Einstein manifold with positive scalar 
curvature such that J KE is "relative stable" . There exists e > such that for any 
t- deformed Kahler manifold (M,g, J) in the sense that 

( 7 ) \\9 ~ 9ke\W{ 9ke ) + \\J ~ Jke\\c^{ 9ke ) < e, 

if the Kahler form of g belongs to irci(M\J) and Futaki invariant vanishes on 
7rci(M; J), then the Kahler-Ricci flow starting from (g,J) will converge exponen- 
tially fast to a Kahler-Einstein metric (goo, J)- 

Remark 1.9. The special case when (M, Jke) has no holomorphic vector fields has 
already been proved independently by Chen and Li in [8]. 

Remark 1.10. The relationship between the dimension of holomorphic vector fields 
and the convergence of a Kahler-Ricci flow was first studied by Phong and Sturm 
[24]. They introduced a different stability condition there, on the dimension of 
holomorphic T 1,0 vector fields under diffeomorphic actions up to taking Cheeger- 
Gromov-Hausdorff limits, to control the convergence of the Kahler-Ricci flow. 

Remark 1.11. Combining with the convergence theorem of Perelman, or Tian and 
Zhu [38], for the Kahler-Ricci flow, once known the existence of Kahler-Einstein 
metric in above theorem, the Kahler-Ricci flow will converge automatically (up to 
holomorphic transformations) for any initial metric g whenever its its Kahler form 
lies in nc\(M] J). 

Finally let us briefly discuss the known convergence results previously for Kahler- 
Ricci flow on a compact manifold with positive first Chern class. Suppose the exis- 
tence of a Kahler-Einstein metric, Chen and Tian [T2~j [13] proved the convergence 
to this metric when the bisectional curvature is positive; later, Perelman showed 
the convergence without any curvature condition, and this was later extended to 
shrinking Kahler-Ricci solitons by Tian and Zhu [38]. Without assuming the exis- 
tence of Kahler-Einstein metrics, in [2"Tj I2"2"j |2"4] , Phong, Song, Sturm and Weinkove 
studied the Kahler-Ricci flow with two stability conditions- lower bounded Mabuchi 
K-energy and lower bound of first eigenvalue of d operator on T 1,0 vector fields-and 
proved the convergence to Kahler-Einstein metrics; the result was later generalized 
to shrinking Kahler-Ricci soliton cases by them [23]. In [7], Chen, Li and Wang 
considered the Kahler-Ricci flow with different stability conditions-lower bounded 
energy E\ which was introduced in [12] and pre-stability of the complex structure- 
and proved the convergence result when E\ is almost minimizing; in a subsequent 
paper [8], Chen and Li improved the condition on energy E\, to the vanished Futaki 
invariant and small Calabi functional, to derive the convergence; stability theo- 
rems are also established for Kahler-Ricci flow in [8] when the complex structure is 
pre-stable and the Futaki invariant vanishes. Several other stability theorems for 
Kahler-Ricci flow around a Kahler-Einstein metric or generally shrinking Kahler- 
Ricci soliton have also been established independently through different methods by 
Tian and Zhu [139], Zhu [45], Sun and Wang [31], Zheng [43]; in these works, the 
convergence are always taken up to holomorphic transformations. Besides these, 
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we refer to [H El El El HOI HU HH [20l [2SI [271 [2S1 E21 SQl SI] for other works on the 
convergence of the Kahler-Ricci flow with positive first Chern class. 



The rest of the paper is organized as follows: In §2, we prove the main convergence 
Theorem ll.lt In §3, we give a short proof of Theorem 1 1.2t In §4, we give some remarks 
and questions on the stability of existence of Kahler-Einstein metrics on a compact 
Kahler manifold with positive first Chern class; In the Appendix §5, we prove a 
gradient estimate to the eigenfunctions of the weighted Laplace L. 
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Weinkove for their suggestions on Tian and Donaldson's counterexample. The au- 
thor also would like to thank Professors F.Q. Fang and Y.G. Zhang for their dis- 
cussions in the course of writing the paper. The author also thanks V. Tosatti 
for his nice comments on Remark 4.1 and suggestions on the work of Stoppa and 
Szekelyhidi. 



In this section, (M,go, J) denotes a compact Kahler manifold of complex dimen- 
sion n with ci(M; J) > 0. We assume the Kahler class of go is 7rci(M; J). Suppose 
that the Futaki invariant vanishes on tcci(M, J) and go satisfies condition (T4J): 

(8) bisc.{M,g ) > -A, diam(M, g ) < D, \{g ) > 1 + 5, ||Vw ||c° < e, 

for fixed positive constants 5, A,D and suitably chosen e. Let g(t),t G [0, oo), be 
the Kahler-Ricci flow starting from go . The aim is to show that g(t) converges 
exponentially fast to a Kahler-Einstein metric whenever e is chosen small enough. 

Let u(t) be associated Ricci potential of g(t) determined by ([I]) and ([2]) and let 
a(t) be its average defined by 



at each time, where V denotes the volume of the Kaher-Ricci flow. As in Introduc- 
tion, let \(t) = X(g(t)) be the "second" eigenvalue of L = —A + g^ViuV] at time 
t. We may write X(t) = 1 + 5(t) for a family of constants 5(t) > 0. 

2.1. Preliminary lemmas. Before the proof of Theorem let us first establish 
several lemmas. 

Define a function 



2. Proof of Theorem 11.11 



(9) 




(10) 



5 = 5 (a, s) 



a 



Va > 0,s > 0. 



1 + e s + ae 



.-S 



Applying the Proposition 3.1 in [42] to our Kahler-Ricci flow g(t) gives 
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Lemma 2.1. The following estimate for Ricci potential holds at any time t 

(11) f | Vm| 2 e~ u dv > (1 + S) [ {u-afe- u dv 

JM JM 

where 8' = 8' (8, osc(w)). 

Note that 8' increases in a and decrease in s. Thus, ffTTj) remains true for any 
8 (a, s) with a < 8 and s > osc(u). 

Under the Kahler- Ricci flow g(t), introduce for any time t e [0, oo), 

(12) Y = Vt I ( M ~ afe- u dv. 

The second lemma shows the exponential decay of Y. 
Lemma 2.2. Suppose that fTTTl) holds for some uniform 8' . If 

1 (5 

(13) \\u- a\\c° < min(-,— ) 
on some izme interval [0, T] ; i/ien we /iave 

(14) F(t) < e - <5 '*y(o), Vt G [0,T]. 

Proof. By the computation in [42J, 

4-^ < ((-2 + 2\\u - a||co)(l + 8') + (2 + llu - a|Uo))y < -S'Y, 
at 

whenever (fl3|) holds. The result then follows. □ 

Next we show the bound of ||u — a||c?° m terms of Y. To this purpose, we introduce 
a definition of local volume non-collapsing. 

Definition 2.3. Given k > 0, a compact Rieamnnian manifold is called K-non- 
collapsed on scales < p if any metric ball B(r) of radius r < p satisfies the bound 

(15) Vo, (fW» > Kr ™ 
V ; Vol(M) - 

on volume ratio, where m is the (real) dimension of the manifold. 

In view of Bishop-Gromov relative volume comparison theorem, our initial mani- 
fold (M, go) is always K -non-collapsed on scales < 1 for some constant k depending 
only on n, A and D. 

Lemma 2.4. Under the Kahler-Ricci flow, if g(t) is n-non-collapsed on scales < p 
for some p < 1 and 

(16) ||Vu||o° < 1, \\u - a\\ c o < 2p, 
then, 

-i i 

(17) \\U — a\\ C < K ■ K 2 ™+ 2 • F2n+2 ; 

for a universal constant K. 



Proof. We adopt the argument as in Lemma 3 of [21] - Let x be a point such that 
A = \u — a\(x) = \\u — a\\c°- Then \u — a\ > ^ on the metric ball B = B{x, ^) of 
radius 4 < p- Thus, by definition of K-non-collapsed, 



Y>- I {u- a) 2 e' u dv > e 
V Jb 



A A 



From this we obtain 

max (it) —1 1 

A < 2e 2n + 2 ■ • 
Since a < by Jensen inequality, see (121 Remark 5.1], we get 

max(«) < a + \\u — a\\co < 2. 
The result then follows. □ 

2.2. A uniform C 2 estimate of Kahler potential. This subsection is devoted to 
proving a uniform C 2 estimate of Kahler potential in terms of its C° bound under 
the Kahler-Ricci flow. The method is introduced by Yau in his resolution of Calabi 
conjecture jJTJ for solving an elliptic Monge- Ampere equation. The parabolic version 
is given by Cao [3]. Here, we use the argument of [7J. 

Let be the solution to the differential equation 

(18) ^ = u -a 

with initial value 0(0) = 0. Obviously <fi(t) is a relative Kahler potential of g(t) in 
the sense that 



(19) 9i3(t)=g i3 (p)+a i d- j <P(t). 

Lemma 2.5. Given n and A as in condition ([HD, there exists an increasing function 
$ : M + — > IR + such that the following estimate holds under the Kahler-Ricci flow, 

(20) n + A o 0(t) < $(«(*)) 

where A denotes the Laplace of the initial metric go and a{t) is defined by 
a{t) = sup{||0( S )|| c o + H0)|| c o + |Ks)|| c o| S G [0,t]}. 

Proof. Set F(t) = log ^et g(o) • ^ * s an eas y check that 

F(t) = u{t) - u(0) - 4>{t) - c(t), 
for a family of constants c(t) determined by 

1 

V 

As in the proof of Theorem 4.21 in [7], combining Yau's estimate 

A (e- fc *(n + A o 0)) > e-^(A F - s(g )) - kne^in + A ^ 

+ {k + inf R m {g ))e' k(t '-^{n + A <; 
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e c { t) = ^ / e -m-u( ) dVgo _ 

' M 



and the evolution 

J^(e-**(n + A Q (f>)) = -k(u - a)e- k *(n + A o 0) + e"^A (F + u(0) + 0) 
we get 

(A-^)(e-**(n + Ao0)) > e-*(n - Ao«(0) - *(<*,)) 

+(ife(u - o) - ifen - l)e _ **(n + A </>) 

+ inf R Mfj (g ))e- k(i> -^(n + A </>)^ 

= (fc(«-a)-fcn-l)e-**(n + A o 0) 

+(fc + inf J R^j(c/ ))e- fc</, ~^(n + A o 0)^. 

Choose = A + 1. Fix any time interval [0,t], suppose e~ k ^{n + A o 0) achieve its 
maximal point at (xo,to), then 

g-^xo.to)^ + A o 0(x o ,t o )) < (1 + kn- k{u{x ,t ) - a ))n-l e F(x ,t )-kcf>( X o,to) _ 
Thus, 

sup(n + A </>) < (l + A;n + - a|| C7 o(t )) ri ~ 1 e sup(F(to))+fcoscWto)) . 
[o,t] 

This gives the desired bound of (n + A </>) in view of the definition of F. □ 

By definition we have det g(t) = e F det g(0), consequently 

^' n e F g < git) < $^ , 

where $ = $(«(£)) for $ and a(t) defined as in above lemma. After a modification 
to $, we may assume that 

(21) $-^ < g{t) < ®g 

for $ = $(«(£)), an increasing function depending on n and A in Condition (jSJ). 

Remark 2.6. This is the only place where we essentially make use of the lower bound 
of the bisectional curvature. One might relax the condition on bisectional curvature 
to a condition of orthogonal holomorphic bisectional curvature. 

2.3. Proof of Theorem 11.11 For simplicity, denote by Cj, i = 1, 2, • • • , a family of 
constants depending on n, S, A and D. The key step in the proof of our Theorem 
11.11 is the following: 

Claim 2.7. Let g(t) be the Kdhler-Ricci flow with initial metric g(0) satisfying (JSJ) 
as above. There exists a constant <3> depending on 5, A and D such that the following 
holds: for any e small enough, one can find L such that 

(22) ||Vu(t)||co < Le, Q^go < g(t) < %g , \{g{t)) >^ + ^ 
holds for all time t G [0, oo). 
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Let L and <3>o be given sufficiently large constants in a prior, but &oLe is small 
enough (see below for the reason). Let T be the largest time such that (|22p holds 
on the time interval [0,T). Then, according to the preliminary lemmas in §2.1, the 
Kahler-Ricci flow g(t) behaves very well on [0, T). The aim is to show that T = oo 
for suitably chosen e, L and $o- 

We argue by contradiction: suppose T < oo from now on, then we need to derive 
a contradiction for suitably chosen e, L and $o- 

First of all, by metric equivalence, 

(23) diam(M,g(t)) < $l /2 D, Vt G [0,T]. 
Consequently 

(24) ||w - a\\co < ^l /2 DLe, Vt G [0, T]. 
In particular, 

(25) |H| c o < 2$o /2 DLe, Vt G [0,T]. 

In view of Lemma 12.21 the first assumption we should make is 

(26) ^DLe < min(~ |) 

where 5' = 5 (f , 1) for <5q defined in fflQj) . which is a constant depending only on 5 

in condition ([8]). Notice that when ^ 2 DLe < 4, we have by ( 1241) that osc(-u) < 

2^\j 2 DLt < 1 and thus 5' — #'(f , 1) works for Lemma |2"TT1 Then Lemma |2~21 gives 
the exponential decay of Y(t): 

(27) y(t) < e- s '^Y(0), Vt G [0,T]. 

To derive the C° estimate of (u — a), we want to use Lemma [231 For this purpose, 
we recall that there exists k$ depending only on A and D such that go is K - non - 
collapsed on scales < 1. As g(t) is $o-equivalent to go, we know that for any metric 
ball B g (t)(r) of radius r < $ at time t <T, the volume ratio has the bound 

(28) Vol(y r)) ^ ^g-^-an W g[0,T]. 
Applying Lemma [2.41 for k = Ko$o 2n and p = $ ^ 2 we obtain 

_2_ i 

(29) \\u-a\\ c o < d% +1 Y—^ VtG[0,T], 
under the assumption that (to satisfy — < $q 1//2 ), by f l24l . 

(30) § Q DLe < 1. 
Combining with ( 12~T|) . (!29j) gives 

(31) ||w-a|| c o < Ci^^e^^e^, VtG[0,T] 
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since by weighted Poincare inequality ffTTj) . 

y(0) = i / (u - a)V M cfo < ^ / |Vw|V u <fo < e 2 . 



We first claim that the metric relation in (122]) can be improved on time interval 
[0,T]. Define a function e : M + K + via 

(32) e Q (A) = A~ n . 

Claim 2.8. There exist $ depending on 5, A and D with the following property. If 
$0 > 2$ and e < eo($o) i n our assumption ( 122]) . i/ien we /iove the estimate 

(33) ^So <<?(*)< $<7o, VtG[0,T]. 
In particular, 

(34) 2$oVo < 9(t) < ~$o<7 0! Vte[0,T\. 

s' t 

Proof. In view of ([SI]), if e < e ($ ), then \\u - a\\ c o < C x e 2 ™+ 2 on [0,T]. Thus by 
definition 



co 



< [ \\u- a\\ c ods < C 2 , Wg[0,T]. 



By ( 12T]) . this implies in particular that $ 1 g Q < g{t) < §g on [0, T] for some 
constant $ depending only on n, 5, A and D. The claim follows. □ 

Claim 2.9. Given <3>o > 2$ sufficiently large. For any e < eo($o) ; set 

(35) L = ^oe^r^ 1 
in our assumption (]2"2l . T/ien <?(£) satisfies 

(36) ||Vw||oo(t) < Vi G [0, T\. 

Proof. Recall the evolution of \Vu\ 2 under the Kahler-Ricci flow [28J: 

(37) ^-|Vd 2 = AlVd 2 - iVVwl 2 - |VVd 2 + \Vu\ 2 . 
at 

From this we can bound ||Vu||co on the short time interval [0, 2] as follows 

(38) \\Vu\\ c o(t) < e||V«||co(0) < ee, Vt G [0,2]. 
When t > 2, we apply [1, Page 234] to derive 

||Vn||c*o(t) < e 2 \\u — a||co(t — 1). 
Together with fl3T]) this gives the following bound: 

(39) ||Vu||co(t) < d^e- Sj &e^ < ^^e'^e^, Vt G [2,T]. 
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Hence, under the assumption fl35l) . the estumate fl36l) is fulfilled whenever $ is 
chosen large enough such that 

(40) $,p > 2C 3 

for C3 in ( 1391 . The proof is complete. □ 

From now on we assume $o satisfies (140]) and $o > 2$ as in Claims 12.91 and 12.81 
respectively, where $ is a constant depending only on n, 5, A and D. Let eo as in 
(I3"2"j) . Then choose L according to the relation (1551) for any given e < e . After these 
settings, conditions (}2"oT) and (13"0"j) are equivalent to: 

(41) $| De^rr < min(-, -£) and $ 2 De^ < 1. 

4 8 

Then <?(£) is ^-equivalent to g(0) for any t G [0,T]. Furthermore, putting (1551) and 
together we have the estimate 



(42) ||Vu|| c o(t) < C 4 $ n+1 e"^e— , Wt G [0,T]. 

We finally check the condition on eigenvalue A on the time interval [0, T]. Let us 
write A(£) = \(g(t)) for brevity. 

Claim 2.10. Given $ as above, there exists a constant e' = e' (n, $ , 6, A, D) such 
that if e < e in our assumption, then we have the estimate on eigenvalue A(t): 

(43) A(t)>l + jp, VtG[0,T]. 

Proof. We may assume that A < 2 on the time interval [0,T]. Let ip{t) be the 
corresponding eigenfunction of X(t) normalized by ^ j M \ifj\ 2 e~ u dv = 1. Then by 
definition, —Ai/j + Vj'uViV' — A*0. Notice that by taking the time derivation to the 
normalization condition we get 

{^ + ^)e- u dv= [ \ifj\ 2 (u- a)e- u dv. 

M JM 



Then by an easy calculation 

^ = |i / |v*|' e -*, 



M 



77 I [ _ ViVjuViVVjV' + V^ViV + V^V^ - |Wf (« - a)]e- u cfo 

4 / [ - ViVjuV^Vj^ + A(^ + ^) - | Wf (w - a)]e- u (it; 

7 / [ - ViVjVS7vpV$ + A|?/f (w - a) - |Wf(u - a)]e- u cfc 
v Jm 



> -4||u - a\\ c o - — I V i VjuV- i 4>V j 'ipe~ u dv. 



V 



M 
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Thus, for any t G [0, T], 



(44) X(t) > A(0) - 4 f \\u- a\\ C o(s)ds - ^ / / | ViVjuV^V ^\e' u dvds. 

Jo v Jo Jm 

For our purpose, we need to estimate the integrals on the right hand side by universal 
constants independent of T. The first integral can be estimated by (l3Tj) : 



f -2- 1 f s n s -2- 1 

(45) / \\u - a\\co(s)ds < Ci$ " +1 e^ / e"^rfs < C 5 $ n+1 e^; 
Jo Jo 

while the second integral can be estimated as follows: denote \1/ = sup[ T ] || V^Hc* ; 
then by Schwarz inequality, 



77 / / ^iV-juVj^V^e^dvds < ^ 2 ^- f [ \V\/u\e~ u dvds 
V Jo Jm ^ Jo Jm 

< ^ 2 {J2yJ i J \^u\e~ u dvds + -jf y |VV«|e- u ^s) 

' T ' _1 1 /" / 1 /" T ^ 

(46jf ^ 2 V (-!- / / |VV«| 2 e-"^rf S ) 1/2 + ^ 2 (^ / / |VVu| 2 e- u duds) 
~^ V Jj Jm V Jm J M 



1/2 



Thus, to estimate the second integral of (I44j) . we need to consider two ingredients: 
(i) the uniform L°° bound of on the time interval [0, T] (in terms of the Sobolev 
constant, as we will see later) and (ii) the L 2 integral bound of |VjVjit| on the space 
time. We shall deal with these two estimates one by one. 

Firstly, we consider the L°° uniform bound of V^> on M x [0, T\. It is exactly the 
gradient estimate of eigenfunctions of L. To this aim, we should know the uniform 
bound of the Sobolev constant in a prior. By a well-known result of Croke [H] , the 
isoperimetric constant, and thus the Sobolev constant [26], of go admits a universal 
bound by a constant depending only on A and D. Since g(t) is ^-equivalent to go 
for any t G [0,T], there exists Cq = Cq(ti,A,D,^) = (^(n, 5, A, D) such that the 
Sobolev constant of git), say C s (g(t)), is uniformly bounded from above by C$ for 
all t G [0,T]. Consequently, by the gradient estimate, cf. Theorem 15. 1[ there is a 
uniform constant C-j such that 



(47) * = sup||VV>||c° < C 7 . 

[0,T] 

12 



Secondly, we estimate the integrals of |VjVjM| 2 through studying the evolution 
of Z = — J M | Vu\ 2 e~ u dv. Indeed, an easy calculation shows 

^-Z = ^ ;[ [A\\7u\ 2 -\VVu\ 2 -\V\7u\ 2 + \Vu\ 2 (l-u + a)]e- u dv 

at V J M 

= ^ / [ - Au\Vu\ 2 + | Vm| 4 - | VVu| 2 - | VV«| 2 + | Vm| 2 (1 - u + a)] e" u <fo 

< -/ [— (Au) 2 -\VVu\ 2 + (- + l)\Vu\ 4 +\Vu\ 2 (l-u + a)]e- u dv 

< 2Z- ^ / ~|VVu|V"<fo, 

where we used (Aw) 2 < n\ VVm| 2 and that \\u— a\\co and || Vit||c° are small according 
to our assumption on the time interval [0, T]; see ( 122]) . ( jUJ) and assumption ( 126|) . 
Now observe that can be estimated easily by ||Vu||co: 

Z(t) = i / |Vm|V"^ < ||Vu||£o(t). 

Together with (1421) we see the integration on any interval [t,t + c] C [0,T], where 
c < 1, can be bounded as follows: 

— / / |VV«| 2 e- u rff < 2(Z(t)- Z(t + c))+A W(s)ds 

||Vti||co(s)ds 

< 2C 4 2 $ " +1 e-^e^ +4C 2 $o +1 e^ / e"^ds 



(48) < C 8 $o +1 e~^e^ 



Now, substitute (T4T1) and ( HBl) into (fl6l) we get the estimate of the second integral 

v 



i=0 

By (jUj), this estimate, together with (J151) . finally gives 



A(t) > A(0)-/ 4||u-a||cods- ^ / / |ViVpV^V^|e- u df(is 



> A(0) - 4C 5 $o +1 e~ - C 9 $o +1 e~ 



> 1 + 5- Cin$n +1 
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Therefore, to make sure A(t) is bounded from below by 1 + |5, it only needs to add 
the following assumption on $ an d e: 

(49) C 10 $ ^e^ < ±8. 

The proof of Claim 12.101 is completed by setting e' such that the equality in (|49|) 
holds. □ 



Proof of Claim 2.1. First of all, choose any $ satisfying ([40]) in Claim 12.91 and 



$o > 2$ where $ is the constant in Claim [2T8l which depends only on the constants 
n, 5, A and D. Let e be the largest constant such that (14ip and (fl9~l) hold and 
e o — e o(^o) as in Claim [2751 Finally for any e < e , choose L as in (1351) . Then, as 
showed in above three claims, if the condition (1221) holds on any time interval [0, T], 
then the following more strict condition 

2$o 1 5(0)<^)<^ #), || VM || c o<^ e , A > 1 + ^8 

still holds on the same interval [0,T]. Thus, the maximal time T can only happen 
to be oo. This proves the claim. □ 

Proof of Theorem \l.l[ Fix a sufficiently large constant $o> choose e and L such that 
Claim ET] holds and then apply Theorem 1.5 of [12]. □ 



3. Proof of Theorem 11.21 

Let (M,g , J) be a compact Kahler manifold of dimension n with Ci(M; J) > 0. 
Suppose g satisfies 

(50) \Rm(g )\ < A, \(g ) > 1 + 8, 1/ (s - n) 2 ^ < e, 

v Jm 

for fixed 8, A and certain e small enough, where V is the volume of go while \(go) is 
the "second" eigenvalue of go as defined in the Introduction. 

Consider the Kahler- Ricci flow g(t) starting from go on M. By the evolution of 
curvature tensor under the Ricci flow, there exists T = To (A) < 1 such that 

(51) \Rm\(t) < 2A, Vt G [0,T ]. 

We are going to show that the condition (jlj) is fulfilled at some time to < To for 
certain constants 8 , A , D depending on 8, A and sufficiently small e depending on 
e. By Theorem 11.11 it completes the proof of Theorem 11.21 

For simplicity, let us denote C^i = 1,2, ■ ■ • , a family of positive constants de- 
pending on n, 8 and A. 

We start with recalling some geometrical estimates on the time interval [0,T ]. 
First of all, a similar argument as in [T3| Lemma 3.5] gives a bound of the diameter 
of the initial metric go by a constant C\. Then, as each metric g(t) is e 2A -equivalent 
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to go (from the evolution of Kahler-Ricci flow fl3])), we get a uniform bound on the 
diameter of the manifold: 



(52) diam(M,c/(t)) < C 2 , Vt G [0,T ]. 

Then, by virtue of Li and Yau's eigenvalue estimate [T9l [26] , the first eigenvalue of 
Laplace with respect to each metric g(t) admits a uniform lower bound 

(53) XMt)) > C%\ 

Or, in other words, the Poincare inequality uniformly holds on the time interval 
[0, To]. Furthermore, since the volume of the Kahler manifold (M, g(t)) has a uniform 
lower bound depending only on the dimension n, by a result of Bando and Mabuchi 
[2], the Green function of (M,g(t)), say G t (x,y) with inf G t = 0, has a uniform 
upper bound in the sense of integral 



(54) / G t (x,y)dv g{t) (y)<C 4 . 

J M 

Finally, by Croke's estimate [2] on the isoperimetric constant and the well-known 
equivalence of the isoperimetric inequality and the Sobolev inequality [25], the 
Sobolev constant of (M,g(t)), say C Sjt , also admits a uniform bound: 

(55) C s , t <C 5 , V£g[0,T o ]. 

The following argument can be divided into several lemmas. 

Lemma 3.1. Let u(t) be the Ricci potential of g(t) determined by ([[]) and ([2]). There 
is a uniform bound ofu(t): 

(56) \\u{t)\\ c ° <C 6 , VtG [0,T ]. 

Proof. Denote (M, g) = (M, g(t)) and u = u{t) for t G [0, T ]. First of all, the Jensen 
inequality gives 

- f -udv < log f e~ u dv) = 0. 
V Jm V J M 

Then apply the Green formula, by fl54l) . for any x G M, 

u(x) = ^- I u(y)dv{y) - / Au(y)G{x,y)dv{y) > -C & 



since —Am = s — n > — 2n 2 A — n by ( I5~T1) . Now, define (p = u — inf it + 1; to prove 
the L°° bound of u, it suffices to show a uniform upper bound of tp. This follows 
from a classical iteration argument, cf. [31] for example. Namely, one first obtains 
the L 1 bound of (p by applying the Green formula at a maximal point of (p, say Xq, 

^ I ipdv = 1 + ^ / A^(y)G(x , y)dt;(y) < 1 + (2n 2 A + n)C 4 ; 
v v Jm 
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then apply the Poincare inequality to get the L 2 bound of (p: 



Ai / if dv < 

'M jm 



\V<p\ 2 dv + ( / pdv) 2 

J M 

ipAipdv + ( <pdv) 



M J M 

< ([ v 2 dv) 1/2 ([ (A^dvf 2 + ( [ <pdv) 2 

Jm Jm Jm 

< ^ f <p 2 dv + 7 ±- [ (s-n) 2 dv+( [ ydvf- 
* Jm a M Jm Jm 

finally adopting Moser's iteration argument to 

Atp = Au > -(2n 2 A + n) 

one deduces an upper bound of ip in terms of n,A,C s>t and f M ip 2 dv. Combining 
with these three estimates finishes proof of the lemma. □ 

Lemma 3.2. There exists to < To depending on n, 5 and A such that 
(57) X(g(t))>l+ 6 -, Wt<t . 

Proof. Let ip(t) be associated eigenfunctions of X(g(t)) which are normalized such 
that y J M \i(j\ 2 e~ u dv = 1. By the calculation in the proof of Claim I27TU1 in §2 we 
have 



dt 



h I [~ ViVjwV^V^ + X^ 2 (u - a) - |VV>| 2 (« - a)]e~ u dv 
V Jm 



> — 2A||w — a\\co — A|| ViVjitHc 

> -4C* 6 A - (nA + n)X 

where we used ([55]) and that ||VjVjit||co = \\g { j — Ri]\\co < (nA + n) in the last 
inequality. Since \(g(0)) > 1 + 5, we can choose a small t depending on n, S and A 
such that (1571) holds. □ 



Lemma 3.3. || Vit||c°(^o) can be estimated as follows: 
(58) ||Vii||co(*o) < Cse 1 / 4 . 

Proof. We will use the Moser iteration to prove this lemma; the details are referred 
to [IB]. From the evolution of |V«| 2 , ( 13Tj) . we get the inequality: 

d 

— IVmI 2 < AlVwl 2 + |Vw| 2 . 
at 

To run the iteration argument, we need to (i) estimate the integral of |Vw| 2 on the 
space time M x [0,to] and (ii) get the uniform bound of |Vw| on the time interval 
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[y, t ]. We first deal with (i). At the initial time t = 0, as u(0) is uniformly bounded 
( 1S6|) . the estimate can be deduced as follows 

^ / |Vn| 2 tfo < e e °l= f \Vu\ 2 e~ u dv = e e °^= / Aue^dv 
V Jm V V ,/ M 



< e <%(_L / (Au) 2 e- U dv) 1/2 < 



For a general time t G [0, to] where to < 1 5 the estimate of J M \Vu\ 2 dv follows from 
the evolution of |Vw| 2 under the Kahler-Ricci flow. Actually, 



dv 



^- I \Vu\ 2 dv = [ (A|Vw| 2 - |Vw| 2 - |VVm| 2 + \Vu\ 2 + Au\Vu\ 2 ) 

dt JM J M 

< (1 + n + 2n 2 A) / \Vu\ 2 dv, 

JM 

where we used | Au\ = \n — s\ < n + 2n 2 A on [0, T ]. Thus, 

(59) 4/ l Vw l 2 ^ ^ e i+"+2« 2 A e c 6 +^ e i/2 ) V *e[0,to]. 

We next deal with (ii). This actually follows from a smoothing argument due to 
Bando [I]; see [211 Lemma 1] also. Indeed, from the argument there, one knows that 

(60) \\Vu\\ C o(t) < (l)- 1/2 e|M| c o(0) < C 9 , Vt G [%M- 

to z 

Now, since the Poincare inequality and Sobolev inequality hold uniformly on the 
time interval [0,to], an iteration argument [El E] shows 



(61) l|Vu||oo(*o) < C 10 t ^ 2 ( [° [ \Vu\ A dvdt) 

JM 



1/2 



Combining with ( 159]) and (!60|) this gives the desired result. □ 

Once known these lemmas, the proof of Theorem 11.21 is clear. 

Proof of Theorem M.B. Putting the estimates ( 15TT) . (!52|) . (I5TI) and (!58|) together, we 
know g(to) satisfies the following condition: 

\Rm\(t ) < 2A, diam(M,^(t )) < C u X(g(t )) > 1 + ^ l|Vu||co(t ) < C 8 e 1/4 

at some to > where C\ and C-j are constants depending only on n, 5 and A in (jSJ). 
By Theorem 11.11 the Kahler-Ricci flow will converge to a Kahler-Einstein metric 
whenever e is small enough. This completes the proof of the Theorem 11.21 □ 
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4. Further remarks and questions on stability 



Remark 4.1. Let (M, gxE, Jke) be a compact Kahler-Einstein manifold with positive 
scalar curvature and (M, J) be an arbitrarily small deformed Kahler manifold with 
ci(M; J) > 0. If }i (Jke) = 0, then by the argument of Lemma 1.3 in [33J, (M, J) 
admits a Kahler-Einstein metric. This can also be derived by [HI Theorem 1.4] or 
our Theorem 1.8. In the case dim h°( Jke) > 0, Chen and Li proved [5] (M,J) 
admits a Kahler-Einstein metric if J is pre-stable and has vanished Futaki invariant 
on 7rci(M; J). Szekelyhidi proved in [32], Theorem 2] the stability of existence of 
constant scalar curvature metrics under the K-polystable conditions, which shows 
in particular the existence of Kahler-Einstein metric on (M, J) if it is K-polystable. 
Notice that K-polystable is also "almost" necessary for the existence of Kahelr- 
Einstein metric in nci(M; J), see [29j [30], thus Szekelyhidi's theorem almost solves 
the stability problem completely. Here, our Theorem 11.81 give another insight to this 
problem in view of Tian and Donaldson's counterexample. 

Remark 4.2. One natural question is how to extend our stability theorem to the 
case of shrinking Kahler-Ricci solitons. However, two problems arise in the later 
situation: (1) how to determine a suitable holomorphic vector field with respect 
to which the Kahler-Ricci soliton structure exists? (2) how to relate the Kahler- 
Ricci flow on the background Kahler-Ricci soliton and the Kahler-Ricci flow on the 
perturbed Kahler manifold on which the Kahler-Ricci soliton may exists? To the 
author's understanding, these may not be easy problems. 

The assumption of vanished Futaki invariant in the stability Theorem 11.31 and 
11.81 is a closed condition on complex structures and so looks not good. Comparing 
Tian's argument [33], we ask 

Question 4.3. Can we remove the condition of vanished Futaki invariant in Theo- 
rem \1.3\ and \l.S\ ? Or, in other words, does the Futaki invariant vanish automatically 
under other conditions? 

As known to experts in the field of Kahler geometry, the solvability of the ex- 
istence of Kahler-Einstein metric for a generic complex structure can hopefully be 
reduced to prove the closedness of the space of Kahler-Einstein metrics under certain 
stability condition, such as the K-stability or other stabilities in GIT; see Tian's cel- 
ebrated solution to the existence of Kahler-Einstein metrics on complex surfaces [33J 
and Donaldson's note [16] for higher dimensional case. According to this discussion, 
we ask a similar question in our setting. 

Question 4.4. Is the space of Kahler-Einstein metrics closed under the "relative 
stable" condition? More precisely, let (M, g^, J^) be a compact Kahler manifold 
whose Kahler form lies in nci(M; J^) and (gi, Jj) be a sequence of Kahler-Einstein 
metrics on M with positive scalar curvature such that J{ — > J^ in the C 2 topology, if 
Joo is "relative stable" (and possibly the Futaki invariant vanishes on 7rci(M; Joo)), 
then does there exist a Kahler-Einstein metric on (M, J^) ? 
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The following question may have been well understood by experts, but since the 
lack of knowledge, the author still write it down here as a problem. 

Question 4.5. Establish the relation between the "relative stable" and other stability 
conditions from GIT. 



5. Appendix. Gradient estimate on Kahler manifolds with c% > 

In this section, we will use the Moser's iteration argument to prove the gradient 
estimate to the eigenfunctions of the operator L = — A + c/*- 2 VjiiVj on a Kahler man- 
ifold with positive first Chern class. The approach is classical when considering the 
gradient estimate for eigenfunctions of Laplace on a manifold with Ricci curvature 
bounded from below. 

Theorem 5.1. Let (M,g,J) be a compact Kahler manifold of dimension n with 
ci(M; J) > and u be the Ricci potential determined by ([I]) and (T5]). Suppose 
$ G C°°{M) satisfies 

(62) - + g^ViuVjtfj = XiJj 
for some A > 0. Then we have 

(63) sup |V^| < C(n)e^C^ /2 (\\Vu\\ 2 c0 + A) n/2 A 1/2 

where C{n) is a constant depending on n, while C s denotes the Sobolev constant of 
g such that 

(64) (/ \Vf\ — dv)— <C S (\Vf\ 2 + f 2 )dv, V/GC°°(M;R). 

Jm Jm 

Proof. We start with the Bochner formula for / = |VV>| 2 : 

Af = |VV^| 2 + |VVVf + VjA^VjV + VjA^Vj^ + %V^V^ 



|VV^| 2 + |VV^| 2 + (1 - 2A)/ + ViVjuVppVjip 



+V i V j ipV- i uV- j ifj + ViVjifiViuVjip 
where we used the Schwarz inequality in the last inequality. Then, for any q > 2, 



> -|VWf + |VWf + (1 - 2A - |Vu| 2 )/ + ViVjuVj^V^. 



J \Vfi' 2 \ 2 dv = J p- l Afdv 
(65) > y'/^ 1 (i|VV^| 2 + |VV^| 2 + (l-2A-|VM| 2 )/ + V i VjwV^V^)^. 
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The last term on the right hand side can be estimated as follows: 



= /(-(<?- - 2 v 4 /v^v JM v^ 

* / \^f q/2 \ 2 dv-(q-l)\\Vu\\ 2 c0 J Pdv 

-i | r^Ydv-^Vv^J f q dv 
-\ J r^V^dv-^Vufc* j fdv 

> ~ q —^ J \Vf^\ 2 dv-(q + ^\\Vu\\ 2 c „J Pdv 

Substituting it into f|65|) we obtain 

fcil | |V/«/ 2 | 2 dw < [(q + C)\\Vu\\ 2 c0 + 2\-l] J fdv, 

where C = C(n). We mention that we have used (A-0) 2 < n|VV"?/>| 2 here. Thus 

J \Vf«/ 2 \ 2 dv< (Cq\\\Vu\\ 2 co + X) - 1) J f q dv 

for a uniform constant C depending only on n. By Sobolev inequality 

( J rdvf^ < C s Cq 2 {\\ Vu\\ 2 C o + A) J Pdv, Vq > 2, 

where \i = -^j. Define q^ = 2/j, k for k > 0, then 

||/IU«M-i < [C s C(\\Vu\\ 2 ca + X)} l ^q 2 k /q "\\f\\ Lqk , Vfc>0. 
By induction we have 

sup/<C(n)rf(||V M ||* + A)t||/|| i2 . 
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Since \\f\\i? < (sup /) 1//2 ||/||^i 2 , this implies immediately 

sup/ < C(n)C^(\\Vu\\ 2 c0 + X) n J fdv 

= C(n)C:(\\Vu\\ 2 c0 + \) n J \V4>\ 2 dv. 

Notice that J \Vif)\ 2 e~ u dv = A, we finally obtain 

sup/ < C(n)e ma ^ u) C:(\\Vu\\ 2 c0 + \) n J \ViP\ 2 e- u dv 

= C(n)e max{u) C^(\\ Vu\\ 2 c0 + \) n X. 
The result now follows. □ 



[1] 
[2] 
[3] 
[4] 
[5] 
[6] 
[7 

[8 

[9 
[10 

[11 
[12 
[13 

[i4; 

[15 
[16 

[17. 
[18 
[19 



References 

S. Bando, The K-energy map, almost Einstein Kahler metrics and an inequality of the 
Miyaoka-Yau type, Tohoku Math. Journ., 33 (1987) 231-235. 

S. Bando and T. Mabuchi, Uniqueness of Einstein- Kahler metrics modulo connected group 
actions, Adv. Stud. Pure Math., 10 (1987) 11-40. Kinokuniya, Tokya and North Holland. 
H.-D. Cao, Deformation of Kahler metrics to Kahler- Einstein metrics on compact Kahler 
manifolds, Invent. Math., 81 (1985), 359-372. 

H.D. Cao and M. Zhu, A note on compact Kahler-Ricci flow with positive bisectional curvature, 
Math. Resear. Lett., 16 (2009), 935-939. 

X.X. Chen, On the lower bound of energy functional E±(I)-a stability theorem on the Kahler- 
Ricci flow, J. Geom. Anal., 16 (2006), 23-38. 

X.X. Chen and H.Z. Li, The Kahler-Ricci flow on Kahler manifolds with 2- non- negative trace- 
less bisectional curvature operator, Chin. Ann. Math., 29 (2008), 543-556. 
X.X. Chen, H.Z. Li and B. Wang, Kahler-Ricci flow with small initial energy, Geom. Funct. 
Anal., 18 (2009), 1525-1563. 

X.X. Chen and H.Z. Li, Stability of Kdhler-Ricci flow, J. Geom. Anal, 20 (2010), 306-334. 
X.X. Chen and B. Wang, Kahler Ricciflow on Fano surfaces (I), arXiv:0710.5204v2 [math.DG] 
X.X. Chen and B. Wang, Remarks on Kahler Ricci flow, J. Geom. Anal., 20 (2010), 335-353. 
X.X. Chen and B. Wang, Kahler Ricci flow on Fano manifolds (I), arXiv:0909.2391^2 
[math.DG] 

X.X. Chen and G. Tian, Ricci flow on Kahler- Einstein surfaces, Invent. Math., 147 (2002), 
487-544. 

X.X. Chen and G. Tian, Ricci flow on Kahler- Einstein manifolds, Duke Math. J., 131 (2006), 
17-73. 

C. B. Croke, Some isoperimetric inequalities and eigenvalue estimates, Ann. Sci. Ecole. Norm. 

Sup., 13 (1980), 419-435. 

S. K. Donaldson, A note on the a-invariant of the Mukai-Umemura 3-fold, arXiv:0711.4357. 
S. K. Donaldson, Discussion of the Kahler- Einstein problem, preprint. 



http: / / www2.imperial.ac.uk/ ^skdona/ 



A. Futaki, Kahler- Einstein metrics and integral invariants, Lect. Notes Math., 1314 (1988), 
Springer- Verlag, Berlin. 

O. Munteanu and G. Szekelyhidi, On convergence of the Kahler-Ricci flow, arXiv:0904. 3505^1 
[math.DG] 

P. Li and S.T. Yau, Estimates of eigenvalues of a compact Riemannian manifold, Amer. Math. 
Soc. Proc. Symp. Pure Math., 36 (1980), 205-240. 

21 



[20] D. H. Phong, N. Sesum and J. Sturm, Multiplier ideal sheaves and the Kdhler-Ricci flow, 

Comm. Anal. Geom., 15 (2007), 613-632. 
[21] D. H. Phong, J. Song, J. Sturm and B. Weinkove, The Kdhler-Ricci flow and the d operator 

on vector fields, J. DifT. Geom., 81 (2009), 631-647. 
[22] D. H. Phong, J. Song, J. Sturm and B. Weinkove, The Kdhler-Ricci flow with positive bisec- 

tional curvature, Invent. Math., 173 (2008), 651-665. 
[23] D. H. Phong, J. Song, J. Sturm and B. Weinkove, The modified Kdhler-Ricci flow and solitons, 

larXiv:0809.0941 vl. 

[24] D.H. Phong and J. Sturm, On stability and the convergence of the Kdhler-Ricci flow, J. Diff. 

Geom., 72 (2006), 149-168. 
[25] W.D. Ruan, Y.G. Zhang and Z.L. Zhang, Bounding sectional curvature along a Kdhler-Ricci 

flow, Comm. Contem. Math., 11 (2009), 1067-1077. 
[26] R. Schoen and S.T. Yau, Lectures on differential geometry, (1994), Intern. Press Publications. 
[27] N. Sesum, Compactness results for the Kdhler-Ricci flow, arXiv:0607.2974v4 [math.DG] 
[28] N. Sesum and G. Tian, Bounding scalar curvature and diameter along the Kfhler Ricci flow 

(after Perelman), Jour. Inst. Math. Jussieu, 7 (2008), 575-587. 
[29] J. Stoppa, K-stability of constant scalar curvature Kdhler manifolds, Advan. Math., 221 (2009), 

1397-1408. 

[30] J. Stoppa and G. Szekelyhidi, Relative K-stability of extremal metrics, arXiv:0912.4095vl 

[math.DG] 

[31] S. Sun and Y.Q. Wang, On the Kdhler-Ricci flow near a Kdhler- Einstein metric, 
larXiv:1004.2"0r8 v2. 

[32] G. Szekelyhidi, The Kdhler-Ricci flow and K-polystability, Amer. J. Math., 132 (2010), 1077- 
1090. 

[33] G. Tian, On Calabi's conjecture for complex surfaces with positive first Chern class, Invent. 

Math., 101 (1990), 101-172. 
[34] G. Tian, Canonical metrics on Kahler manifolds, Lectures in Mathematics, (2000), ETH 

Zurich, Birkhauser Verlag, Basel. 
[35] G. Tian, Kdhler- Einstein metrics with positive scalar curvature, Invent. Math., 130 (1997), 

1-37. 

[36] G. Tian and S. T. Yau, Kdhler- Einstein metrics on complex surfaces with C\(M) positive, 

Comm. Math. Phys., 112 (1987), 175-203. 
[37] G. Tian and X.H. Zhu, A new holomorphic invariant and uniqueness of Kdhler-Ricci solitons, 

Comm. Math. Helv., 77 (2002), 297-325. 
[38] G. Tian and X.H. Zhu, Convergence of Kdhler-Ricci flow, J. Amer. Math. Soc, 20 (2007), 

675-699. 

[39] G. Tian and X.H. Zhu, Perelman's W -functional and stability of Kdhler-Ricci flow, 

larXiv:0801. 35041 1 [math.DG] 
[40] V. Tosatti, Kdhler-Ricci flow on stable Fano manifolds, J. Reine Angew. Math., 640 (2010), 

67-84. 

[41] S.T. Yau, On the Ricci curvature of a compact Kdhler manifold and the complex Monge-Ampe 

equation, I, Comm. Pure Appl. Math., 31 (1978), 339-411. 
[42] Z.L. Zhang, Kdhler Ricci flow on Fano manifolds with vanished Futaki invariants, 

larXiv:1010. 5959^2. 

[43] K. Zheng, Stability of Kdhler-Ricci flow in the space of Kdhler metrics, arXiv:1004.2695v2. 
[44] X.H. Zhu, Kdhler-Ricci flow on a toric manifold with positive first Chern class, 

|arXiv:math/0703486| ^l [math.DG] 
[45] X.H. Zhu, Stability on Kdhler-Ricci flow, I larXiv:0908. 1488^ 1. 



22 



Department of Mathematics, Capital Normal University, Xisanhuan North Road 
105, Beijing, 100048, P.R.China, 

E-mail address: zhleigo@yalioo.com.cn 



23 



